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It is not necessary for you to understand all the techniques in this handbook before 
starting S271. The only mathematics assumed in S271 is that contained in the MAFS 
booklets accompanying the Science Foundation Course. 


No attempt has been made to teach the techniques described in this handbook. You 
may wish to read through the handbook before starting the Course, but it would be a 
mistake to attempt to learn the mathematics from this brief treatment. If you do feel 
that you have a mathematical weakness, it would be preferable to study the MAFS 
booklets accompanying the Science Foundation Course from which you should gain 
an understanding of most of the techniques. Other topics, such as vectors and differ- 
ential calculus, are fully explained at the appropriate times in $271. 


Units and dimensions 


Units and symbols 


S271 uses SI units. SI is an abbreviation for Système International d’Unités. The 
seven basic units are: 


Physical quantity Name of unit Symbol for unit SI base units 

length metre m 

mass kilogram ‘kg 

time second s 

electric current ampere A 

temperature kelvin K 

luminous intensity candela cd 

amount of substance mole mol 


The candela is not used in this Course. 
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In addition, there are a number of derived units that are given special names. Those 
used in S271 are: 


Physical quantity Name of unit Symbol Definition 
energy joule J kgm?s ? 
force newton N kgms ? 
power watt Ww kim s t S]e 
electric charge coulomb C As 
electric potential difference volt Vv kemis ASAs 
electric resistance ohm Q kemes As ov Ast 
electric capacitance farad F A’*s*ke-4m>?=AsV~! 
magnetic flux weber Wb kgm?s *A7!=Vs 
inductance henry H kgm?s-7A°-?5VsA"! 
magnetic field tesla T kgs ?A~'=Wbm ? 
frequency hertz Hz s} 
pressure pascal Pa kgm 's\?=Nm? 


A number of non-SI units are popular with scientists, and they continue to be pre- 
valent in appropriate contexts. Some of those used in S271 are: 


Physical quantity Name of unit Symbol Definition 
length parsec pe = 30.86 x 10!5 m 
volume litre l 107? m? 
temperature degree Celsius °C 1Kt 
mass tonne t 10° kg 
energy electronvolt eV 1.602 x 107!°J 


Finally, the quantities associated with angular measurement have units which revert 
to being simple numbers when expressed in terms of the basic units. This follows from 
the definition of an angle 0 in terms of the ratio of the arc length s to the radius r of a 
circle (0 = s/r). Angles defined in this way are expressed in radians. Alternatively they 
may be expressed in degrees of angle, and to distinguish which scale is being used, the 
appropriate unit must be appended to the simple number. 


Physical quantity Name of unit Symbol Definition 
plane angle radian rad rad = s/r 
degree of angle : 1° = (7/180) rad 


In $271, you will come across symbols taken from the Greek alphabet. We give 
you the full alphabet below, but not all of these symbols are actually used in this 
Course. Pronunciation is given in brackets where not obvious. 


Symbol Symbol Symbol 


lower case capital Name lower case capital Name 


* 


lower case capital Name 


a A alpha 1 I iota p P rho (roe) 
B B beta K K kappa o XZ sigma 

y r gamma À A lamda T T tau (taw) 
ò A delta H M mu (mew) v Y upsilon 

E E epsilon vt N nu (new) o @ phi (fie) 
xs Z- zeta é E xi (csi) X X- chi 

n H eta o O omicron y Y psi 

0 © theta T II pi (pie) w Q omega 


* Be careful to distinguish « from oc (‘proportional to’) and a (italic a). 
t Be careful also to distinguish v (Greek nu) from v (italic vee). 


$ The zeros of the Kelvin and Celsius scales are different: 0°C = 273.15 K. 


SI derived units 


prevalent non-SI units 


units of angle 


Greek alphabet 
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Unit and dimensional analysis 


It has been assumed implicitly in the previous tables that any equations involving 
physical quantities must equate the same quantities. It would, for example, be 
nonsense to write 3 metres = 6 seconds. 


The necessity for the units on each side of an equation to be of the same kind obviates 
the need to define new units for many quantities. For example, an area is found by 
multiplying a length by a length, and so the units of area are metre?. In other cases, as 
discussed earlier, the units of a quantity are given a special name. For example the unit 
of force, the newton, is defined by 


{N=i1kemss 2 


This follows from the equation defining the scale of force, Newton’s second law, which 
states that 


force = mass x acceleration 


Acceleration can be expressed in terms of more fundamental quantities, and the 
equation rewritten, i.e. 


change in velocity 
force = mass x ——-—+—_—_— 
change in time 


change in position 


mass X 


change in time x change in time 


The SI units of the right-hand side of the above equation are 


metre EA 


kilogram x = kgms 


second? 


and so force, on the left-hand side of the equation, must have the same units. 


Dimensions are analogous to units. They express the nature of a physical quantity in 
terms of other quantities that are considered more basic. So, we say that the quantity 
area has the dimensions of [length?]. The square brackets indicate that we are 
referring to the dimensions of the quantity. So, 


[area] = [length?] = [L?], 


where [L] = [length] 


Similarly, [force] = [mass x acceleration] 
= [mass x length/time?] 
= [MLT~?] where [M] = [mass] and [T] = [time] 


It is often useful to check on the validity of an equation by examining the units, or 
equivalently the dimensions, on both sides. For example, suppose that, after a great 
deal of algebra, the following expression has been derived 


energy transfer W = ./2Ft?/g 


where F is the magnitude of a force, t is a time, and g is the magnitude of an accelera- 
tion. 


Is there a mistake? Let us examine the units (or dimensions). The equation implies 
that 


W? = 2Ft?/g 
The units of W? are joules? = (kg m? s7 °}? = kg? m4 s~*. 
The dimensions of [energy?] are [M? L4 T+]. 
The units of 2Ft?/g are N s?/m s~? = N st m7! = kg s? 
The dimensions of [2Ft?/g] are [M _T?]. 


So, the units are not the same on both sides of the equation and neither are the 
dimensions. This is sufficient reason to state categorically that the equation is wrong. 
However, the reverse is not necessarily true. The units or dimensions may be the same 
on both sides of the equation but a numerical factor could be missing, or worse. 


dimensions 


dimensional analysis 
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Unit or dimensional analysis can be used to help to decide on the form an equation 
should take. For example, suppose that you are undecided which of two equations for 
the period of a simple pendulum is valid. 

= 20h 


a or T = 2m Ug 


where T is the period, l is the length and g is the magnitude of the gravitational 
acceleration. Your dilemma could easily be overcome. Assume that 


I 


T= 2n(I/g)" 
where n is a number to be found. Equating the units in the equation 


units of T = units of (I/g)" 


metre 


Therefore second = ( ) = (second”)" 


metre second ~? 


For this to be true, n must be equal to 4. The analysis could also be conducted in terms 
of dimensions; i.e. 


[period] = [(length/acceleration)"] 
[T] = K(L/LT73"] = [T97 


Therefore n= 


N= 


Using either method, you would find that 
T = 2r(l/g)"? = 2m,/l/g 


Unit or dimensional analysis could not confirm that the factor 2r was correct, since 
this constant has no dimensions. However, it is not always the case that a constant is 
dimensionless. For example, Newton’s gravitational force law states that 

Gmm, 


F= 
r? 


where F is the magnitude of the gravitational force of attraction between two masses 
m, and m, separated by a distance r. G is known as the gravitational constant. The 
units of G are given by 


units of G 


units of Fr?/m,m, 


2 x m?/kg? = kg! m? s7? 


=kgms_ 
G is certainly not dimensionless, and in any dimensional or unit analysis this must be 
allowed for. For your convenience, the magnitudes and units of the fundamental 
constants used in S271 are listed on the cover of each Unit. 


Mathematics 


This section summarizes the most important mathematical techniques used in $271. 
It is neither an exhaustive list, nor an attempt to teach these techniques. It is, we hope, 
a useful place to refer to if you forget a definition or formula and need reminding of its 
context. 


Changes: delta notation 


A useful way of describing changes in a measured quantity is to use the Greek capital 
letter delta A. Placed in front of a symbol, A means ‘the change in’ the quantity. 


For example, a rubber band is stretched so that its length / increases from 50 mm to 
60 mm. We can then write 


Al = 10 mm 


In words, we say ‘delta-ell equals ten millimetres’, and this means that l increases by 
10 mm. 


The statement Al = 0 implies that whatever other quantities are changing, the length / 
remains constant. Alcan also be negative (e.g. A] = — 5 mm), referring to a decrease in 
length. 


In the same way, Ai is an increase in electric current i: AF is an increase in force F, 
and At represents an interval of time. 


delta notation 


2.2 


2.3 


Straight line graphs: proportionality 


There are many physical processes in which two variables are directly proportional to 
each other. To take a simple example, if we fill a paddling pool (with vertical sides) 
with water, the depth d of the water in the pool is directly proportional to the volume 
V of water that has been pumped in. If we double V, then d doubles. Trebling V trebles 
d, and when V = 0, d = 0. We write this as 


dav 


A graph of d against V is a straight line that passes through the origin (Figure 1). 


E 
3 
ons 100 200 300 400 500 600 700 
origin 
V/m? 
Figure 1 A graph of the depth of water d in a pool against the volume 
of water V. 


The label on the x axis (horizontal) shows that the volume is measured in m? (cubic 
metres); the label on the y axis (vertical) shows that d is measured in metres. 


In some cases, two quantities affect each other so that when one increases, the other 
decreases. For instance, think of the pressure P and volume V of a fixed amount of gas 
at a constant temperature. In this case, if we double the volume then the pressure falls 
to half its previous value. We say that ‘P is inversely proportional to V’, which means 
the same as ‘P is directly proportional to 1/V’: 


1 
Pa y inverse proportionality 


A graph of two quantities that are inversely proportional to each other, such as P and 
V, is called a hyperbola, but if we plot P against 1/V, we again get a straight line passing 
through the origin (Figure 2). 


Straight line graphs: gradients (also see Unit 2) 


Any linear (straight line) graph has a constant gradient or slope. Figure 1 shows how 
to calculate the gradient for the paddling pool example. First, choose two convenient 
points on the graph, and read off the two values of V. The difference between them is 
the change in V, i.e. AV. The corresponding change in d, i.e. Ad, should also be read off 
the graph. Then the gradient m of the line is: 


changeind Ad 
changein V AV 


gradient m 


In this example Ad = 1.0 m — 0.6 m = 0.4 m 
AV = 500 m? — 300 m°? = 200 m° 


Ad A 0.4 m 
AV 200m 


= 0.002 m~? (don’t forget the units) 


In other words, the rate of increase of depth with volume is 0.002 metres of depth per 
cubic metre of volume. So the gradient of a graph represents the rate of increase of one 
quantity as another quantity increases. 
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proportionality 
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2 
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3 

a 
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a 

2 
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an 

2 

a 
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volume | 1/V 
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Figure 2 (a) A hyperbola and (b) a 
straight-line graph. 


2.4 


2.5 


The graph in Figure 1 passes through the origin and it is convenient to take the origin 
as the lower of the two points in measuring Ad/AV. In this case, Ad = d and AV = V, 
and you can check that this gives the same value for the gradient. Thus 


m= Ad/AV=d/V, and d=mV 


In our example, the graph slopes upwards to the right, because d increases with V, and 
so the gradient m is positive. A graph sloping downwards from left to right tells us that 
one quantity decreases as the other increases, and it will have negative gradient. An 
example is given in the next Section. 


In general, if the graph of two quantities, y and x, is a straight line through the origin, 
then the two quantities are proportional, and the equation relating them must be of 


the form 


where m, the gradient of the straight line, is often called the constant of proportionality. 


Straight line graphs not passing through the origin 


If we plot one quantity against another and get a straight line that crosses the axes at 
points away from the origin, then the quantities are not proportional to each other. 
However, since the graph is a straight line, we can still say that there is a linear relation 
between them. For example, instead of measuring the depth of water in the paddling 
pool as described in the previous section, we could measure the vertical distance s from 
the surface of the water to the top of the pool. A graph of the way this quantity s 
changes as the volume of water pumped into the pool increases is shown in Figure 3. 
It is a straight line with a negative gradient, and does not pass through the origin. 


The gradient is negative because increasing the volume of water decreases the distance 
from the surface of the water to the top of the pool. The line does not pass through the 
origin because an empty pool (V = 0) is not full to the brim! A measurement of the 
gradient using the triangle in Figure 3 yields a value of 


(0.4 — 0.8) m 


= = —0.002 m~? 
AV (300 — 100) m? m 


gradient = 


This is the same gradient as in Figure 1, but with a negative sign, because we are 
measuring down from the top of the pool instead of up from the bottom. 


In this case, the equation relating s and V is 
s = mV + sọ (remember m is negative this time) 


So is called the intercept of the graph on the s axis; it is the value of s where the graph 
crosses the s axis, i.e. where V = 0. In general, if the graph of two measured quantities 
y and x proves to be a straight line, they are linearly related and the equation relating 


them must be of the form: 


where m is the gradient (a constant), and c is the intercept on the y axis (a constant). 
When c = 0, we say that y is directly proportional to x. 
Rates of change: differential calculus (also see Unit 2) 


A graph may not be a straight line—its gradient may vary continuously from point 
to point. For instance, Figure 4 shows the variation of speed v with time t for a train. 
It starts from rest, accelerates away and reaches a steady speed. 


speed v Î 


tangent 


See SAD 
line with gradient = Ay 7 


time t 


equation of a straight line passing through 
the origin 


linear 


relation 


s/m 


0.8 


0.6 


0.4 que eee 


0.2 


© 
oi 
3 
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V/m? 


Figure 3 There is a linear relation between the 
volume of water and the distance from the top of 
the pool to the surface of the water 


equation of a straight line 


intercept 


Figure 4 The gradient at a point on a 
curved line is equal to the gradient of the 
tangent at that point. 


We can measure the gradient at any point P by drawing the tangent line to the curve at 
P and finding its gradient. The tangent is uniquely defined; it is the straight line that 
just touches the curve at P. 


Alternatively we can calculate an approximate gradient by taking two points close to 
P and drawing a small right-angled triangle on these, as in Figure 4, so that the 
gradient is m = Av/At, as with the straight line graph. This method avoids the guess- 
work inherent in drawing the tangent. However, the more sharply curved is the graph, 
the smaller must the changes Av and At be to give a good approximation to the true 
gradient. Indeed, for the method to be exact, Av and At must be infinitesimal, i.e. so 
small that reducing them still further would make no detectable difference to a 
calculation of the gradient. To express this idea, we write 


dv 


Av 
gradient of graph = limit of ag for infinitesimal change in At = T 
t t 


The symbol dv/dt, pronounced ‘dee-vee by dee-tee’, represents the rate of change of 
speed with respect to time. 


Similarly, dT /dt is the rate of change of temperature T with time t, and dE/dr is the 
rate of change of energy E with distance r. In general, if two quantities, y and x, are 
dependent on each other in some way, then dy/dx denotes the rate of change of y with 
respect to x. 


Clearly, it is impossible to measure infinitesimal distances on a graph, and dy/dx is 
normally found by looking at the formula relating y and x and differentiating this 
formula; dy/dx is called the derivative of y with respect to x. Although differentiation 
can be carried out by a formal algebraic process, it is much simpler to learn a few 
basic rules that have general validity. The rules used in $271 are listed in the table 
below; you are not required to memorize these rules. (Ignore for the moment the 
third column.) 


First derivative Second derivative 


Equation equation equation 
dy d?y 
=mx + Ti = — 0 
y s I dx? 
d d? 
y = Ax* +m +c ay = 2Ax +m ai = 2A 
d d? 
y = Asin kx T= Ak cos kx z= — Ak? sin kx 
x 
d d? 
y = A cos kx == — Ak sin kx an — Ak? cos kx 
x x 
d d? 
y = Ae T = Ake** 2 = Ake 
x 


Taking the derivative is equivalent to finding the gradient of the graph of y against x. 
This equivalence is shown in Figure 5, where the first four of the equations in the table 
are illustrated. Thus, for example dy/dx has a constant value m for all values of x if y is 
linearly related to x by the equation y = mx + c (Figure 5a). 


The process of differentiation can be repeated to find the rate of change of dy/dx with 
respect to x. This ‘second derivative’ is written 


2 


2 = rate of change of dy/dx with respect to x 
X 


and pronounced ‘dee-two y by dee-x squared’. The process of finding d?y/dx? from 
dy/dx is identical to that of finding dy/dx from y: the rules are the same. Thus for 
example 


dy 
y =Asinkx implies = = Ak cos kx 
x 


Ak is just a constant and so applying the fourth rule in Table 2 gives 


d’y : See 
qo — Ak k sin kx = — Ak? sin kx 


You are not required to memorize the above rules. 


tangent line 


differentiation 
derivative 
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y = Asinkx y =Acoskx 


xy 


(a) (b) (c) 


Figure 5 Differentiating four equations. 


2.6 Arcs and angles 


2.7 


An arc is just part of the circumference of a circle. The length s of an arc is directly 
proportional to both the angle 8 it subtends at the centre of the circle and the radius r 
(see Figure 6). 


If (and only if) we measure 0 in radians, then the arc length is given exactly by 
s=r0 


Of course, angles are often measured in degrees; to convert from radians to degrees, 
remember that the length of the whole circumference of a circle is 2m times the radius 
r. Thus an angle of 360° subtends an arc of length 2mr. So for a whole circle, 


0 (whole circle) = s/r = 2nr/r = 27 radians 


Therefore 360° = 2r radians 


; 180 
or 1 radian = a degrees = 57.3° 


Triangles: Pythagoras’s theorem and sin, cos, tan 


If you are asked to draw a right-angled triangle with the two shorter sides 3 cm and 
5 cm long respectively and the third side any length you choose, then you will find 
there is only one size and shape of triangle it is possible to draw. In other words, given 
the lengths of the two shorter sides of a right-angled triangle, the length of the longest 
side (the hypotenuse, the side opposite the right angle) is uniquely determined. This 
length is given by Pythagoras’s theorem, which is illustrated in Figure 7. The theorem 
states that ‘in a right-angled triangle, the square of the length of the hypotenuse equals 
the sum of the squares of the other two sides’. In symbols 


dy 


de 


(d) 


arc length 
s=r0 


Figure 6 An arc of a circle. 


radian 


a 


Figure 7 Pythagoras’s theorem. 


[poora or h= Jra | 


The trigonometric ratios, sine, cosine and tangent, relate the ratios of the sides of a 
right-angled triangle to its acute angles. In Figure 7, we have called the two shorter 
sides the opposite (0) and adjacent (a) sides, because they are respectively opposite 
and adjacent to the angle 0 being considered. 


Knowing one of the acute angles of a right-angled triangle means that we know the 
other angle too, since the angles of a triangle always add up to exactly m radians 
(180°). Although the triangle might be any size, it can only have the one shape ap- 
propriate to those angles and the ratios of any two sides of the right-angled triangle 
are defined. These ratios are given the following names: 


o it 
= PP sine of the known angle sin 0 = o/h 
hypotenuse 
adjacent : 
_—_———— = cosine of the known angle cos 0 = ajh 
hypotenuse 
ite 
SPESSI = tangent of the known angle tan 0 = o/a 
adjacent 


The trigonometric ratios or functions do not change in direct proportion to the value 
of the known angle 6 (e.g. sin 20 # 2 sin 0). To begin to see how they do vary, imagine 
the triangle in Figure 7 changing its shape so that the adjacent side a remains the same 
length but the opposite side o slowly decreases until it is very small and the triangle is 
long and thin (Figure 8). 


In this situation, the known angle 0 is very small and it is possible to approximate the 
trigonometric functions. Clearly the adjacent side and hypotenuse are of nearly equal 
length. So, 


cos 0 = — = 1, when @ is small* 


The other trigonometric functions, which involve the opposite side, are slightly more 
difficult to approximate. The length of the opposite side is very nearly equal to the 
length of an arc of a circle whose centre is A (Figure 8) and whose radius is a (or h). 
The general formula for the length of an arc gives 


arc length = a0 or arc length = h0 


zx ad i.e. o x h0 
But tan 0 = and sin 0 = 5 


Therefore, 


tan 0 x 0 and sin 0 x 0 


where 0 is small and is measured in radians 


These expressions are true to within 1% accuracy for angles less than about 0.2 
radians (11°). 


To see what happens as @ increases, look at Figure 7. Imagine the adjacent side a 
remaining constant, and the other two sides increasing in length so that the triangle 
gets taller and taller. In this case, 0 is getting closer to a right angle (7/2 radians or 90°). 
Sides o and h are both becoming increasingly longer than side a, and in relative terms, 
are becoming more equal in length. So as 0 approaches 7/2 radians, 


sin 9 = ; approaches 1 


as 0 


tang =? approaches infinity + approaches 
Z 1/2 radians 


a 
cos 0 = h approaches zero 


* The sign ‘x’ means “approximately equal to’ 


MATHS FOR $8271 


Pythagoras’s theorem 


definitions of sin, cos, tan 


arc radius h —— 


; \\ 
arc radius a — \ 


Figure 8 A right-angled triangle with a 
small angle. 


small angle approximation for cos 


small angle approximation for tan and sin 


2.8 


The inverse trigonometric functions are defined by the following sets of relations: 
If sin 0 = x, then sin! x = 9. 
If cos 0 = x, then cos"! x = 0. 
If tan 0 = x, then tan”! x = 0. 


The sine and cosine of an angle 6 are related by the following formula, which can be 
proved by using Pythagoras’s theorem. 


Another formula, called the sine rule, can be used for any triangle, whether or not it has 
a right angle. 


a b c 


sinA sinB sinC 


where A, B, and C are the angles of the triangle, and a, b, and c are respectively the sides 
opposite to these angles, as in Figure 9. 


Sine-wave oscillations (also see Units 9 and 10) 


Section 2.7 defined the sine of an angle 9, and considered its value for small angles and 
for angles approaching 1/2 radians (90°). It is also possible to find the sine (and indeed 
cosine and tangent) of angles greater than 1/2 radians. A right-angled triangle is no 
use for this, since none of its angles can be greater than a right-angle. However, other, 
equivalent definitions of sin 0 (see Units 9 and 10 for further discussion) show that as 
0 increases beyond 7/2 radians, sin @ starts to fall, becomes negative for 0 greater 
than q radians and then starts to rise again beyond 31/2 radians. A similar behaviour 
happens for negative values of 0. In fact, sin 0 is an oscillating function of 0 as shown 
in the graph in Figure 10. 


- > 
6/ radians 


There is no need in this sort of case to think of 6 as an angle: one can calculate the 
sine of any positive or negative number. If we plot a graph of the way one quantity 
varies with another and get a curve of the same shape as Figure 10, we call it a sine 
curve, and we say that the quantity plotted on the vertical axis varies sinusoidally. 


For instance the voltage V of mains electricity varies with time t in the manner shown 
in Figure 11. This graph appears to havea sinusoidal shape, and, in fact, it is found that 
the graph is that of the equation V = Vo sin 2nft where Vo is known as the amplitude 
and, in this case, has the value 339 volts. The amplitude scales the sine curve. 


voltage/volts i 
+— period T- 


3395 


amplitude 
Z 


> 
time 
seconds 


The argument* 2rft of the sine function includes the frequency f. In the UK, the 
frequency of the mains is 50 Hz. The greater is the frequency, the shorter is the period 
of time before the curve repeats itself. 


* The argument is the expression or number whose sine is being computed. So the argument 
of sin x is x, the argument of sin 0.4 is 0.4, and so on. 


10 


b c 


a 
Fi 9 The si le. = = — 
go res sinA sinB  sinC 


sine rule 


Figure 10 The graph of sin 0 


sine curve 
sinusoidal variation 


amplitude 


Figure 11 The mains voltage as a 
function of time. 


frequency 


The graph in Figure 11 can also be described by the equation V = Vo sin wt where œw 
is the angular frequency and is expressed in the units of radians per second. The 
frequency and the angular frequency are simply related 


Of 


Figure 10 shows that a sinusoidally varying quantity repeats exactly the same pattern 
of variation every time the angle or argument of the sine function increases by 2r. 
So, the graph of a quantity varying sinusoidally with time repeats itself every time 
the argument of the sine function, 2nft, increases by 2r. This represents a time of 
t = 1/f seconds, a time called the period of oscillation. To see this, refer to Figure 11, 
and notice that the graph crosses the axis at t = 0 (sin 0 = 0), and later, at t = 1/f, 
where sin(2nf x 1/f) = sin 2x = 0. So the period, denoted T, of a sinusoidal 
oscillation is a time that is simply the inverse of the frequency. 


T=1f=2 


(0) 


These are perfectly general expressions. In summary, the equation for a sinusoidal 
oscillation in time can be written 


: _ (2nt 5 
y=Asin2zft or y= Asin() or y= Asin ot 


where A, f, Tand ware the amplitude, frequency, period and angular frequency. There 
is one complication ; the oscillation may not start with y = 0 at t = 0. For example, a 
simple pendulum is usually started by pulling the bob to one side and then releasing it. 
In this case, the angle of the pendulum siring to the vertical will be described by a 
sinusoidal graph, but at t = 0, the angle will be equal to the maximum value during 
the subsequent oscillation, i.e. it will equal the amplitude. When an oscillation doesn’t 
start with y = Oat t = 0, the graphical representation must be modified by displacing 
the sine curve (Figure 12), and the algebraic representation supplemented by adding a 
constant term, known as the phase angle ¢, to the argument, i.e. 


A sin (27% +) 


= SERS SUT DEST E PSSA 
sine curve shifted 


2.9 Exponents 


If we raise a number x to some power a (i.e. x°), then the number a is called an exponent 
(or index). For example, in x”, the exponent is two. The following rules for handling 
exponents in calculations and in algebraic expressions will be given without justifica- 
tion, but it is worth trying them on a few numbers to convince yourself they work. 


© 


Definitions: Rules: 


x o ox 
Il 
ele Kile x = 
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angular 
frequency 


period 


period—frequency relation 


sinusoidal oscillation 


phase angle 


Figure 12 When the oscillation doesn’t 
start with y = 0 at ¢ = 0 the sine curve is 
shifted. 


exponent 


ll 
CN 
BR 


(27)3 = 26 
252 = 22 Sei 
23 x 3° —-6 — 216 
43 

Z 


=2=8 


Here, x and y can be any numbers or quantities; a and b are dimensionless numbers. 


2.10 Exponential processes (see also Units 7 and 9) 


There is an important class of physical processes in which there is some quantity x 
that varies with time in such a way that the rate of change of x is proportional to x, i.e. 


dx 
— = bx 

dt 
where b is a constant. Three examples of graphs of this equation with different values 
of b are shown in Figure 13. The intercept of each with the x axis is denoted by xp. 
All these curves are known as exponential curves. In each case the’ relationship 
between x and t can be written in the form 


b F A 
exponential relation 


0) 2 4 6 8 l Figure 13 Exponential curves. 


In this equation e stands for a number with the value 2.718 (to four significant figures). 


It is actually a number like z with endless non-recurring digits, i.e. 2.718281 ... . Your 
calculator is probably able to evaluate exponentials. Try for example e? = 7.389. Two 
examples of exponential processes are shown in Figure 14. In the first, the population 


of a colony of mice is shown as a function of time. It is assumed that there are no 

restraints of food and space to the number of mice. In the second, the number of radio- 

active '*C nuclei in a given sample is plotted against time. At the start, there were 

10° 14C nuclei. The number decaying each second is proportional to the number left. 

In this case b is negative with the value —3.9 x 107 '? s_'. The magnitude of the 

reciprocal of b is known as the time constant, or the decay time. In this example, it has time constant 
the value 2.56 x 101! s, or 8 100 years. The time constant is the time the decaying 

quantity takes to fall by a factor of 1/e. 


a a 
1.0 
rate of increase in Hesi 
number of mice of mice pei 
S| 0.84 
Q 
3 
c 
g y 
w © 
[e] ba 
z E | 
pe) 
E 5) os 
3 [=| 
c 
0.24 
> 0+ T T je 
time 0 10 20 30 
(a) (b) time/1000 years 
Expressed in terms of the time constant t and the original value of the quantity x, the Figure 14 Two examples of exponential 
general equations for an exponential decay process are processes. 
dx 1 equations for exponential decay with 
= = t/t a 2 Se 
ogee dt pet time constant t 


2.11 


Logarithms (also see Units 9 and 10) 


Numbers such as 100, 1 000 000, 0.1, 0.000 1 etc can beyexpressed as powers of ten. 
They are 107, 10°, 10° ' and 10° respectively. Even 1 (which is 10°) and 10 itself can 
be written in this form. The definitions and rules in Section 2.9 show that fractional 
powers are also possible: 


eg. 10°-5 = 101? = 


/10 = 3.16 


1 
t = —— 7 0.631 


TIE Sho 
1024 = 10? x 10°-* = 10? x 10°? x 10%? 
100 x 3/10 x 5/10 = 251 


In each case, the power to which we raise 10 is called the logarithm to the base ten 
(abbreviated log) of the resulting number 


e.g. log 100 = 2 since 100 = 10? 


107 9-2 


ll 


log 0.1 = —1 since 0.1 = 107! 


log 251 x 2.4 


‘Scientific’ calculators normally have a key enabling the logarithm to the base ten of 
a number to be found. Base ten is commonly used for logarithms since ten is the base 
of our counting system. But, of course, any number can be raised to a power, and so 
can be used as a base for logarithms. The only other base appearing in S271 uses the 
number e (see Section 2.10). Logarithms to the base e are called natural logarithms, 
abbreviated In and are usually available on ‘scientific’ calculators. 


In 100 = 4.61 since e46! = 100 


since 251 = 10?-*, etc 


In 1.63 = 0.489 since e°-489 = 1.63 
Ine = 1 since e! =e 


Logarithms are useful because they simplify calculations by allowing multiplication 
and division to be carried out in terms of addition and subtraction of logarithms 


e.g. 26 and log 2 + log 3 = log 6 


By applying the rules ofexponents in Section 2.9, we can obtain the rules for logarithms 
given in the margin; they apply whatever the base. 


Therulethat log a = blogacan be used to test whether a curved graph of one quantity 
plotted against another represents a power law. If you suspect that a curved graph of y 
against x represents some power law such as y = Ax? then your suspicion can be 
tested by taking the logarithm of the quantities at each point on the graph and 
plotting a new graph. If the power law y = Ax’ is correct, then 

log y = log Ax? 


which simplifies to log y = log A + b log x 


The graph of log y against log x must therefore be a straight line. Furthermore, the 
gradient of this new graph is b, and its intercept on the vertical axis is log A. Both of 


these can be measured. So plotting a logarithmic graph allows a power law to be tested ` 


and the relevant power to be found. For example (Figure 15), a plot of the volume V of 


logV = 3 log r + log 3 


MATHS FOR S271 


logarithm to base ten 


natural logarithms 


rules for logarithms 


log(a x b) = log a + log b 
log(a/b) = log a — log b 


loga = bloga 
log a 
lo 1/b _ 
ga b 
and 
log 10° = 
Ine =b 


log-log graphs to test for power law 
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gradient 3 
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(a) radius r/m (b) 


a sphere against its radius r will be a curve, but a plot of log V against log r yields a 
straight line of gradient 3 and intercept on the y axis, log(47/3). 


T > 


0.2 0.4 


log (r/m) 


Figure 15 A log-log plot can identify a 
power law. 
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2.12 


Vectors 


(Unit 2 contains a fuller introduction to vectors. This section summarizes the ideas in 
both Unit 2 and later units). 


A vector is a quantity that has both magnitude and direction. Force is an example: 
what happens when you push something depends not only on how hard you push it, 
but also on the direction in which you push it. In this Course, vectors are denoted in 
the text by printing the appropriate symbol in bold italic type, and so the symbol for 
force is F. An alternative convention and one you must use when writing a vector is to 
put a wavy line under the symbol, for example F. A scalar quantity has no direction, 
only a magnitude, and is printed in italics or written with no underlining. Examples of 
scalars are temperature T, energy E and electric charge g. 


It is often useful to refer to the magnitude of a vector without specifying its direction. 
For example, suppose F is a force of 13.2 newtons directed vertically downwards. 
Then we represent the magnitude of this force by the ordinary italic symbol F, and 
when writing we omit the curly underlining. Alternatively, the magnitude of F can be 
represented by |F |, where the modulus notation | x| simply means ‘the magnitude of x’. 
Thus 


magnitude of F = F = |F| = 13.2 newtons. 


Specifying the direction of a vector requires a frame of reference. Sometimes this is 
done informally by quoting experiences of ‘up’ and ‘down’ or ‘north’ and ‘south’, but 
we can also use Cartesian axes (Figure 16). The vector is represented as an arrow with- 
in the set of axes. Its length specifies the vector’s magnitude; its direction specifies the 
vector’s direction. 

zA vA 


> + > 
x x 
(a) (b) 
Adding two vectors is easy if they act in the same direction. For example, if a diesel 
engine is pulling a train with a force of 2 x 10* newtons along the track, then the 
addition of a second smaller engine pulling with a force of 10* newtons in the same 
direction will yield a total (or resultant) force of 3 x 10* newtons along the track. We 
simply add the magnitudes to add two vectors operating in the same direction. 


It is not so simple if the vectors have different directions. Then one of the techniques 
shown in Figure 17 should be used. For the triangle method of adding vectors, we 


(a) 


draw one arrow representing vector a and then draw a second arrow representing 
vector b with its tail end at the arrowhead of a. The arrow drawn with its tail at the tail 
of a and its head at the head of b represents the resultant vector a + b. The parallelo- 
gram method (Figure 17b) is exactly equivalent and gives the same resultant. This time 
the two arrows are drawn with appropriate lengths and directions and with their tails 
coinciding. The resultant vector (a + b) is the diagonal of the parallelogram that has 
a and bas two of its sides. Note that when adding vectors by either of these methods, 
it is generally permissible to move the vectors so that the heads or tails coincide in the 
appropriate way. But when moving a vector in this way, it is essential to keep its 
magnitude and direction unchanged. 


Any vector can be resolved into three perpendicular vectors, acting in the directions 
of the x, y and z axes (Figure 18a). These vectors add to give the original vector, i.e. 


a=a,+a,+ a, 


In most problems that you meet in this Course, it is possible to choose the axes so that 
one of these vectors—the one in the z direction, say—is always zero (Figure 18b). We 


can then write 
a-—a,+ a4, 


vector quantity 


scalar quantity 


magnitude of a vector 


modulus notation 


Figure 16 (a) A vector can be 
represented as an arrow within a set of 
Cartesian axes. (b) In two dimensions, 
the representation is simpler to visualize. 


adding vectors in the same direction 


adding vectors in different directions 
triangle addition 


Figure 17 Two methods of adding 
vectors graphically: (a) triangle addition; 
(b) parallelogram addition. 


parallelogram addition 


a a, a 
ay 
a, 


a, AON 


3 3 


ax 


(a) (b) 


Because the vectors a,, a, and a, act along specified directions, it is notationally 
simpler to omit references to their vector nature and write them as a,, a, and a,. These 
are known simply as components. A component, such as a,, can be positive or negative, 
depending on whether vector a, happens to be in the direction of the positive x axis or 
the negative x axis. There is obviously a danger of confusion between a component, 
which can be positive or negative, and the magnitudes of vectors a,, a, and a,, which 
must be positive. When there is a possibility of confusion, it is wise to use the modulus 
symbol; for example 


magnitude of a, = |a,| 


The relationship between components a, and a, and the magnitude a and direction 0 
of vector a can be deduced using trigonometry and Pythagoras’s theorem. 


a, = a cos 0 a = Ja + a? 


a, = asin 0 tan 0 = a,/a, 


The use of components simplifies the addition of vectors, the simple rule being that 
each component of the resultant is the sum of the corresponding components of the 
individual vectors that are being added. For example, 


if c=a+b 


then , Cy =a, + b, and cy =a,+b, 


Vectors are frequently used to specify the positions of points of interest. In three 
dimensions, the position of a point can be specified by giving its position coordinates 
(x,y,z), as shown in Figure 19a. But alternatively we can specify the vector r between 
the origin and the point (x,y,z). The vector r is known as the position vector of the 
point (x,y,z), and its magnitude is equal to the distance of the point from the origin. 


za 


zy 


(a) (b) 


It is sometimes more convenient to specify the position of a point relative to another 
point that is not necessarily the origin. In Figure 19b, the position of point 2 relative to 
point 1 is described by the vector s, which is known as a displacement vector. Since 
point 1 has position vector r, and point 2 has position vector r,, the triangle rule for 
addition of vectors tells us that 

ri+s=r, 
or S="r,—r, 


In general,-a displacement vector is the difference between two position vectors. 


It is straightforward to multiply a vector by a scalar. For example, Newton’s second 
law states that a force (vector) applied to an object produces a proportional accelera- 
tion (vector), with mass (scalar) as the constant of proportionality: 


F = ma 


The force is in the same direction as the acceleration, but its magnitude is different bya 
factor of m. 
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Figure 18 (a) A vector a can be 
decomposed into three vectors a,, a, and 
a. whose directions are parallel to the 
three Cartesian axes. (b) It is easier to 
visualize these vectors in the simpler case 
when a. = 0. 


components 


vector addition using components 


position vector 


Figure 19 (a) The position vector r 
defines the position of a point relative to 
the origin. (b) The displacement vector s 
defines the difference in position of two 
points r, and r3. 


displacement vector 


multiplying a vector by a scalar 


We can also divide a vector by a scalar, since that is equivalent to multiplying by the 
reciprocal of a scalar. Rearranging the equation given above for Newton’s second law 


a=—=F x — 
m m 


It is often useful to divide a vector by its own magnitude. The result of this operation 
is to produce a vector, with unit magnitude in the direction of the original vector. Thus 


(7) is a vector, with unit magnitude in the same direction as F 


A vector like this is called a unit vector. 


Multiplying two vectors is more complicated, since there are two completely different 
ways to do this and they have completely different results. One way of multiplying 
two vectors together produces a scalar: it is called a scalar product. The scalar product 
of two vectors a and b (Figure 20) is equal to the product of the magnitudes of the two 


z* 


*y 


a.b = ab cos 0 


vectors multiplied by the cosine of the angle 0 between their directions. The scalar 
product is written a - b, that is with a bold dot between the two vectors. Thus 


For obvious reasons, the scalar product is often called the dot product. 


The alternative way of multiplying two vectors is called a vector product, and this 
produces a vector (Figure 21a). The vector product is a vector whose magnitude is 
given by the product of the magnitudes of the two vectors multiplied by the sine of the 
angle 0 between the two vectors. The direction of the vector product is perpendicular 
to both vectors, and is given by the right hand rule, which is explained in Figure 21b. 
The vector product is written as a x b, that is with a bold cross between the two 
vectors. Thus 


magnitude ab sin 0 


a x bisa vector with 4 direction perpendicular to both 
a and b and given by the right hand rule 


The vector product is often called the cross product. 


(a). 


dividing a vector by a scalar 


unit vector 


multiplying two vectors 


scalar product 


Figure 20 The scalar product. 


scalar product of vectors a and b 


dot product 


vector product 


cross product 


(b) 


Figure 21 (a) The vector product. (b) The right-hand rule defines the direction of the vector product of two vectors. The palm and out- 
stretched fingers of the right hand are aligned with the first vector a. The hand is then rotated, keeping the palm and fingers in the same direction, 
a, until the fingers can be bent to the direction of the second vector b. The outstretched thumb then points in the direction of the vector product 


ax b. 


There is no mathematical operation defined as division by a vector, and so expressions 
such as a/b or a/b are meaningless and should never be written. 
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